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1. Introduction
For ann × n complex matrixM , the spread s(M)ofM is defined as the diameter of its spectrum,
i.e. s(M) = maxi,j |λi − λj |, where the maximum is taken over all pairs of eigenvalues of M .
There are a lot of results on the spread of matrices; see, e.g. [6,8,9,11].
Recently, the spread of graphs, as the spread of a special class of matrices, has received
much attention. Let G = (V ,E) be a simple graph of order n with vertex set V = V (G) =
{v1, v2, . . . , vn} and edge set E = E(G). The adjacency matrix of the graph G is defined to be a
matrix A = A(G) = [aij ] of order n, where aij = 1 if vi is adjacent to vj , and aij = 0 otherwise.
Since A is symmetric and real, the eigenvalues of A, i.e. the zeros of the characteristic polynomial
P(G, λ) = det(λI − A) of A, can be arranged as follows:
λn(G)  λn−1(G)  · · ·  λ1(G).
We simply call the eigenvalues and eigenvectors of A(G) as those of G, respectively. For
convenience, denote λn(G) by λmax(G) and λ1(G) by λmin(G). If, in addition, G is connected,
then A(G) is irreducible, the spectral radius of A(G) is exactly the largest eigenvalue λmax(G);
and by Perron–Frobenius Theorem, this eigenvalue is simple and there exists a unique (up to
multiples) corresponding positive eigenvector, usually referred to the Perron vector of A(G). The
spread of the graph G is defined as
s(G) = λmax(G) − λmin(G).
In [10], Petrovic´ determines all minimal graphs whose spread does not exceed 4. In [4], Gregory
et al. present some lower and upper bounds for the spread of a graph. They show that path is the
unique graph with minimum spread among all connected graphs of given order. However, the
graph(s) with maximum spread is still unknown, and some conjectures are given as follows.
Conjecture 1.1 [4]. The maximum spread of all graphs of order n is attained only by the graph
K2n/3 ∨ Kcn−2n/3, where Kp denotes the complete graph of order p,Kcp is the complement
of Kp, G ∨ H denotes the graph obtained from the disjoint union G ∪ H by adding new edges
from each vertex of G to each vertex of H.
Conjecture 1.2 [4]. Among all graphs with n vertices and e 
⌊
n2
4
⌋
edges, if G is one with
maximum spread, then G must be bipartite.
Solving Conjecture 1.1 or characterizing the graph(s) with maximum spread among all graphs
of fixed order is difficult. However, the problem is still interesting if we restrict the discussion to
some special classes of graphs. In fact we may discuss Conjecture 1.2 for connected graphs with
given number of edges. For trees, it is obvious that the star and the path have the maximum spread
and the minimum spread among all trees with given order, respectively. For unicyclic graphs, Li
et al. [7] determine the unique graph with maximum spread among all unicyclic graphs with given
size of maximum matchings, and the unique graph with maximum spread among all unicyclic
graphs of order n when n  18.
Recall that the girth of a graph is the minimum length of all cycles in the graph. Denote byUkn the
set of connected unicyclic graphs of order n and girth k, and byUn the set of connected unicyclic
graphs of order n. Denote by Pk, Ck, Sk the path, cycle and star on k vertices, respectively. Denote
by Skn (n  k  3) the graph obtained from a cycle Ck by attaching (n − k) pendent edges to only
one vertex of the cycle.
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In this paper, we discuss the maximum spread of unicyclic graphs subjected to another graph
invariant: the girth, rather than matching number. The idea of our work is involved with following
lemma.
Lemma 1.3. (1) [5, Theorem 2; 1, Theorem 3.3] For each graph G ∈ Ukn, λmax(G)  λmax(Skn)
with equality if and only if G = Skn.
(2) [5, Theorem 5; 2; 1, Theorem 2.6] For each graph G ∈ Un, λmax(G)  λmax(S3n) with
equality if and only if G = S3n.
We prove that the graph with minimum least eigenvalue inUkn is the unique graph Skn, exactly
the graph with maximum largest eigenvalue inUkn by Lemma 1.3(1). Hence Skn is the unique graph
with maximum spread among all graphs in Ukn. We also prove that if G is one with minimum
least eigenvalue inUn, then G is S3n if n  12 and is S4n if 4  n  11. As a consequence, S3n for
n  6 or S4n for 4  n  5 has the maximum spread among all graphs in Un. Obviously, S3n has
n 
⌊
n2
4
⌋
edges (for n  4), but S3n is not a bipartite graph. So, Conjecture 1.2 does not hold for
unicyclic graphs with order not less than 6.
The organization of this paper is as follows. In Section 2, we discuss the least eigenvalues of
graphs inUkn, and show that Skn is the unique graph with minimum least eigenvalue and hence the
maximum spread among all graphs inUkn. In Section 3, we discuss the least eigenvalues of graphs
in Un, and then determine the unique graph with maximum spread among all graphs in Un.
2. Minimizing least eigenvalue and maximizing spread among graphs in Ukn
Let x = (x1, x2, . . . , xn)T be a column vector inRn, and letG be a graph on vertices v1, v2, . . . ,
vn. Then x can be considered as a function defined on the vertex set of G, that is, for any vertex
vi , we map it to xi = x(vi). We often say xi is a value of the vertex vi given by x. One can find
that
xTA(G)x = 2
∑
vivj∈E(G)
x(vi)x(vj ) (2.1)
and λ is an eigenvalue of G corresponding to the eigenvector x if and only if x /= 0 and
λx(vi) =
∑
vj∈NG(vi )
x(vj ) for each i = 1, 2, . . . , n, (2.2)
where NG(vi) = {w: viw ∈ E(G)}, the neighborhood of vi in the graph G. Eq. (2.2) is called a
(λ, x)-eigenequation of G.
Let G1,G2 be two disjoint connected graphs, and let v1 ∈ G1, v2 ∈ G2. We then obtain a new
graph G from (G1 − v1) ∪ (G2 − v2) by adding a new vertex w together with edges joining w
and each vertex of NG1(v1) ∪ NG2(v2). Intuitively, G is obtained from G1,G2 by identifying v1
with v2 and forming a new vertex w. In the following we still take v1 or v2 as a vertex of G
rather than using w. If G1 (or G2) is trivial (i.e. a graph with only one vertex), then G = G2 (or
G = G1). If G1 and G2 have both at least two vertices, then w is a cut vertex of G. Next we give
a result on the variation of the least eigenvalue of a graph under the above graph operation (see
Fig. 2.1).
Lemma 2.1. Let G1 and G2 be two disjoint nontrivial connected graphs, and let {v1, v2} ⊆
V (G1), u ∈ V (G2). Let G(respectively, G˜) be obtained from G1,G2 by identifying the vertex
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Fig. 2.1. The graphs G and G˜ in Lemma 2.1.
v2 (respectively, v1) with the vertex u. If there exists an eigenvector x of G corresponding to its
least eigenvalue such that |x(v1)|  |x(v2)|, then
λmin(G˜)  λmin(G) (2.3)
with equality if only ifx is an eigenvector of G˜ corresponding to its least eigenvalue, x(v1) = x(v2)
and
∑
w∈NG2 (u) x(w) = 0.
Proof. Assume that x is a unit vector and x(v1)  0. Denote α :=∑w∈NG2 (u) x(w). Let E1 =
{v1w ∈ E(G˜) : w ∈ NG2(u)}, E2 = {v2w ∈ E(G) : w ∈ NG2(u)}. We divide the discussion into
cases, and simply write x(vi) as xi .
Case 1. x(v2)  0. If α  0, we have
1
2
λmin(G˜)
1
2
xTA(G˜)x =
∑
vivj∈E(G˜)
xixj
=
∑
vivj∈E(G˜)\E1
xixj +
∑
vivj∈E1
xixj
=
∑
vivj∈E(G˜)\E1
xixj + x1 · α

∑
vivj∈E(G˜)\E1
xixj + x2 · α
=
∑
vivj∈E(G˜)\E1
xixj +
∑
vivj∈E2
xixj
=
∑
vivj∈E(G)
xixj = 12x
TA(G)x
= 1
2
λmin(G).
If the equality holds, then x is also an eigenvector of G˜ corresponding to the least eigenvalue
λmin(G˜) = λmin(G) :=β. By comparing the (β, x)-eigenequations of G˜ and G on an arbitrary
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vertex of NG2(u) and on the vertex v1, we have x(v1) = x(v2) and α = 0, respectively. The
sufficiency is easily verified by the above inequalities.
If α > 0, let x¯ be obtained from x only by replacing x(w) by −x(w) for each vertex w ∈
V (G2)\{u} and preserving the values of other vertices. We have
1
2
λmin(G˜)
1
2
x¯TA(G˜)x¯ =
∑
vivj∈E(G˜)
x¯i x¯j
=
∑
vivj∈E(G˜)\(E1∪E(G2−u))
x¯i x¯j +
∑
vivj∈E1
x¯i x¯j +
∑
vivj∈E(G2−u)
x¯i x¯j .
Clearly ∑
vivj∈E1
x¯i x¯j = x1 · (−α)  x2 · α =
∑
vivj∈E2
xixj ,
∑
vivj∈E(G2−u)
x¯i x¯j =
∑
vivj∈E(G2−u)
xixj .
Hence
1
2
λmin(G˜) 
∑
vivj∈E(G)
xixj = 12x
TA(G)x = 1
2
λmin(G).
If the equality holds, then x¯ is also an eigenvector of G˜ corresponding to the least eigenvalue
λmin(G˜) = λmin(G) :=β. By comparing the (β, x¯)-eigenequation of G˜ and the (β, x)-eigeneq-
uation of G on the vertex v1, we have α = 0, a contradiction. Hence the above inequality holds
strictly.
Case 2. x(v2) < 0. For the case of α  0 (respectively, α > 0), the discussion is very similar to
Case 1 for α  0 (respectively, α > 0). In both cases, inequality (2.3) cannot hold as an equality.
The result follows. 
Corollary 2.2. Let G0, G1 and G2 be pairwisely disjoint nontrivial connected graphs, and let
{v1, v2} ⊆ V (G0), u1 ∈ V (G1), u2 ∈ V (G2). Let G be obtained by identifying the vertex v1 with
the vertex u1 and identifying the vertex v2 with the vertex u2. Let G˜ be obtained by identifying
the vertex v1 first with u1 and then with u2. If there exists an eigenvector x of G corresponding
to its least eigenvalue such that |x(v1)|  |x(v2)|, then
λmin(G˜)  λmin(G)
with equality if only ifx is an eigenvector of G˜ corresponding to its least eigenvalue, x(v1) = x(v2)
and
∑
w∈NG2 (u2) x(w) = 0.
Proof. Let H be the graph obtained from G0,G1 by identifying the vertex v1 and u1. The result
follows from Lemma 2.1 by viewing H,G2 as G1,G2 of Lemma 2.1, respectively (see Fig.
2.2). 
Corollary 2.3. Let x be an eigenvector of Skn (n > k) corresponding to its least eigenvalue,
and let w be the vertex on the cycle of Skn incident to pendent edge(s). Then w is the unique
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Fig. 2.2. The graphs G and G˜ in Corollary 2.2.
vertex such that x(w) has maximum modulus among all vertices on the cycle of Skn, and hence
x(w) /= 0.
Proof. Assume, to the contrary, there exists another vertex u on the cycle such that x(u) has
maximum modulus and hence |x(u)|  |x(w)|. Let S be the set of pendent vertices of Skn. Let
G be a graph obtained from Skn by deleting all pendent edges incident to w and attaching them
to u. By Lemma 2.1, λmin(G)  λmin(Skn). Obviously, G ∼= Skn, therefore, λmin(G) = λmin(Skn).
Hence, also by Lemma 2.1, x(w) = x(u) and ∑v∈S x(v) = 0. By Eq. (2.2), each vertex of S
has same value given by x as λmin(Skn) /= 0, which implies x(v) = 0 for each v ∈ S and hence
x(w) = x(u) = 0. So each vertex on the cycle has value 0, and then x = 0, a contradiction.
Therefore, w is the unique vertex such that x(w) has maximum modulus among all vertices on
the cycle of Skn, and hence x(w) /= 0. 
Corollary 2.4. Let H be a star on at least three vertices whose central vertex is s, and let t be
any of its pendent vertices. Let G be a nontrivial connected rooted graph with a root r. Denote
by Gs(respectively, Gt ) a graph obtained from G by identifying its root r with the vertex s
(respectively, the vertex t) of H. Then
λmin(Gs)  λmin(Gt ); (2.4)
furthermore, if G is obtained from a rooted cycle by attaching some pendent edges at its root r,
then the above inequality holds strictly.
Proof. Let H1, H2 be respectively the induced subgraphs of H by the vertices s, t and by the
vertices of V (H)\{t}. Let x be an eigenvector of Gt (shown in Fig. 2.3a) corresponding to
its least eigenvalue. If |x(t)|  |x(s)|, then by viewing H1 (respectively, G and H2) as the
graph G0 (respectively, G1 and G2) of Corollary 2.2, λmin(Gs) = λmin(G˜s)  λmin(Gt ), where
G˜s is one isomorphic to Gs shown in Fig. 2.3b. If the equality holds, then x(t) = x(s) and∑
w∈NH2 (s) x(w) = 0 by Corollary 2.2. By Eq. (2.2), each vertex of NH2(s) has the same value
given by x as λmin(Gt ) /= 0. Hence, x(w) = 0 for each w ∈ NH2(s), which implies x(t) = x(s) =
0 by Eq. (2.2).
If |x(t)| < |x(s)|, by viewing H1 (respectively, G and H2) as the graph G0 (respectively, G2
and G1) of Corollary 2.2, we also get the inequality λmin(Gs)  λmin(Gt ), where Gs is shown in
Fig. 2.3c. In this case the inequality holds strictly as x(t) /= x(s).
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Fig. 2.3. The graphs Gs and Gt in Corollary 2.4.
If G is obtained from a rooted cycle by attaching some pendent edges at the root r , and
inequality (2.4) holds as an equality, from above discussion we find that only does the case of
|x(t)|  |x(s)| occur, in which case G˜s is of type Skn for some n and k, and x is an eigenvector
G˜s corresponding to its least eigenvalue with x(t) = 0, a contradiction to Corollary 2.3. 
Corollary 2.5. Let G be a graph of order n which is obtained from a cycle Ck by attaching
l pendent edges and m pendent edges respectively to two distinct vertices of the cycle, where
l  1,m  1 and k + l + m = n. Then
λmin(Skn) < λmin(G).
Proof. Let u,w be two distinct vertices on the cycle of G incident to l, m pendent edges, respec-
tively. Let x be an eigenvector of G corresponding to its least eigenvalue. We may assume that
|x(w)|  |x(u)|. Then by Corollary 2.2, λmin(G˜)  λmin(G), where G˜ is obtained from the cycle
Ck by attaching l + m pendent edges to the vertex w. Clearly, G˜ ∼= Skn, and then λmin(Skn) 
λmin(G). If the equality holds, by Corollary 2.2, x(u) = x(w), and ∑v∈S x(v) = 0, where S
is the set of pendent vertices adjacent to u in the graph G. By Eq. (2.2), each vertex of S has
same value given by x, and hence has value 0, which implies x(w) = x(u) = 0 also by Eq. (2.2).
By Corollary 2.2, x is also an eigenvector of G˜ ∼= Skn corresponding to its least eigenvalue with
x(w) = 0, a contradiction to Corollary 2.3. 
Corollary 2.6. Let G be a nontrivial connected graph containing a vertex u, and let G(k, l) (k 
l  1) be a graph obtained from G by attaching two hanging paths Pk and Pl at the vertex u(i.e.
by identifying u first with one pendant vertex of Pk and then with one pendant vertex of Pl). Then
for l  2,
λmin(G(k, l)  λmin(G(k + l − 1, 1)).
Proof. Let u,w be two pendent vertices of the hanging path Pk+l−1 of G(k + l − 1, 1) shown
in Fig. 2.4a, where u is the common vertex of G and Pk+l−1. Let v be the kth vertex of the
path Pk+l−1 (counted from u), and let Pk (respectively, Pl) be the sub-path of Pk+l−1 connecting
u and v (respectively, v and w). Let x be an eigenvector of G(k + l − 1, 1) corresponding to
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Fig. 2.4. The graphs G(k, l) and G(k + l − 1) in Corollary 2.6.
its least eigenvalue. If |x(u)|  |x(v)|, by viewing Pk (respectively, G and Pl) as the graph G0
(respectively, G1 and G2) of Corollary 2.2, then
λmin(G(k, l))  λmin(G(k + l − 1, 1)),
where G(k, l) is shown in Fig. 2.4b.
If |x(u)| < |x(v)|, then by viewing Pk (respectively, G and Pl) as the graph G0 (respectively,
G2 and G1) of Corollary 2.2, the above inequality also holds, in which case G(k, l) is shown in
Fig. 2.4c. 
Theorem 2.7. Let C{Tni } ∈ Ukn, which is obtained from a cycle Ck on vertices c1, c2, . . . , ck by
identifying ci with the root of a rooted tree Tni of order ni for each i = 1, 2, . . . , k, where ni  1
and
∑k
i=1 ni = n. Let C{Sni } (respectively, C{Pni }) be obtained from C{Tni } by replacing each
Tni by a rooted star Sni with the center as its root (respectively, a rooted path Pni with one pendent
vertex as its root). Then
λmin(C{Sni })  λmin(C{Tni })  λmin(C{Pni }).
Proof. Assume that Tni /= Sni (including roots) for some ni . Let v be a vertex in Tni such that
d(v) > 2 and d(v, ci) is largest among all vertices of Tni , where d(v, ci) denotes the distance of
v to ci . Then there are at least two hanging paths attached at v. For any hanging path Pt (t  3)
at v, if Pt is replaced by identifying the second vertex of Pt (counted from v) with v, denoted the
resulting graph as G, then by Corollary 2.6, λmin(G)  λmin(C{Tni }). If t  4, then we continue
the above procedure for the hanging path Pt−1 of G attached at v. Repeatedly using Corollary
2.6, then Pt is at last replaced by a star St with its center identified with v, and the least eigenvalue
of resulting graph is not larger than that of C{Tni }.
Repeating the same procedure for other hanging paths at v, we then get a star with v being its
center whose order is equal to the sum of above paths. Let w be a vertex in Tni , adjacent to v,
and belonging to the unique path between ci and v. By Corollary 2.4, the least eigenvalue is not
increased when all pendant edges at v are relocated such that they become the pendant edges at
Y.-Z. Fan et al. / Linear Algebra and its Applications 429 (2008) 577–588 585
w. Note that d(w, ci) = d(v, ci) − 1. Repeating the same procedure for any other vertex as v, we
arrive at C{Sni }, as desired.
Assume that Tni /= Pni (including roots) for some ni . Let v be a vertex defined in the first
paragraph. By Corollary 2.6, when any two hanging paths at v are replaced by a single path with
length equal to the sum of the two paths, then the least eigenvalues is not decreased. Repeating
this procedure (for any other vertex as v), we arrive at C{Pni }, as desired. 
Theorem 2.8. Let G ∈ Ukn. Then
λmin(G)  λmin(Skn)
with equality if and only if G = Skn.
Proof. Let G = C{Tni } defined as in Theorem 2.7. Assume that G /= Skn. If there exists exactly
one ni , say n1, such that n1 > 1, i.e. G is obtained from a cycle Ck by identifying one vertex
with some vertex of a tree Tn1 of order n1, then according the procedure in the first and second
paragraphs of the proof of Theorem 2.7
λmin(G)  λmin(G˜)  λmin(Skn),
where G˜ is obtained from Skm by attaching (n − m) pendent edges to one of its pendent vertices for
some integer m with k + 1  m  n − 1. By Corollary 2.4, λmin(G˜) > λmin(Skn), and the result
follows in this case.
If there exist more than one ni’s such that ni > 1, by Theorem 2.7, λmin(G)  λmin(C{Sni }).
So it is enough to deal with C{Sni }. Repeatedly using Corollary 2.2, we have
λmin(G)  λmin(Ĝ)  λmin(Skn),
where Ĝ is obtained from Skm by attaching n − m pendent edges to some vertex on the cycle with
degree 2 for some integer m with k + 1  m  n − 1. By Corollary 2.5, λmin(Ĝ) > λmin(Skn).
The result also follows. 
By Lemma 1.3(1) and Theorem 2.8, we get the following result.
Theorem 2.9. Let G ∈ Ukn. Then
s(G)  s(Skn)
with equality if and only if G = Skn.
3. Minimizing least eigenvalue and maximizing spread among graphs in Un
In this section, we first determine the graph(s) whose least eigenvalue attains the minimum
among all graphs in Un, and then characterize the graph(s) with maximum spread among all
graphs in Un.
Lemma 3.1. For 3  k  n − 1, λmax(Sk+1n ) < λmax(Skn).
Proof. For the case of 3  k  n − 1, let w be the unique vertex on the cycle of Skn incident to
pendent edge(s). Let x be a unit Perron vector of A(Skn). We claim that x(w) > x(v) for any other
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vertex v on the cycle of Skn. If not, let u be a vertex on the cycle with x(u)  x(w). Let G be
obtained from Skn by deleting all pendent edges incident to w and attaching them to u. Then by
Eq. (2.1)
λmax(G)  xTA(G)x  xTA(Skn)x = λmax(Skn).
Note that G ∼= Skn and hence λmax(G) = λmax(Skn) :=α. So, x is also a Perron vector of A(G).
However, by the (α, x)-eigenequations of Skn and G on the vertex w (or u), we get a contradiction
as x has all entries positive. If k = n, then Skn = Cn and A(Cn) has the all ones vector as a Perron
vector. In this case we choose any vertex of Skn as the vertex w.
For 3  k  n − 1, let w be the vertex of Sk+1n chosen as above. Let u be a vertex on the cycle
of Sk+1n with distance 2 to w, and let u˜ be the vertex on the cycle of Sk+1n lying between u and
w. Let G be obtained from Sk+1n by deleting the edge uu˜ of and adding a new edge uw. Then
G ∼= Skn, and if x is unit Perron vector of A(Sk+1n ), then
λmax(Skn) = λmax(G)  xTA(G)x  xTA(Sk+1n )x = λmax(Sk+1n ).
The above inequality cannot hold as an equality, otherwise x is a Perron vector of A(G) and
this will cause a contradiction by considering the eigenequations of G and Sk+1n on the vertex
w. 
Lemma 3.2. For 2  k  n−12
λmin(S2k+1n ) > λmin(S2kn )
and if G is a graph whose least eigenvalue attains the minimum among all graphs inUn, then G
is either S3n or S4n.
Proof. LetC2k+1 be the cycle of S2k+1n with vertices labeled as c1, c2, . . . , c2k+1 (in anticlockwise
way), where c1 is adjacent to pendent vertices if n > 2k + 1. Note that there exists an automor-
phism ϕ of S2k+1n which maps ci to c2k+3−i for i = 2, 3, . . . , k + 1 and preserves other vertices.
Let x be a unit eigenvector of S2k+1n corresponding to the least eigenvalue. If n > 2k + 1, we
may assume x(c1) > 0 by Corollary 2.3. If n = 2k + 1, we may choose a vertex as c1 such that
x(c1) > 0. Define a vector xϕ such that xϕ(v) = x(ϕ(v)) for each vertex v of S2k+1n . Then xϕ , and
hence x + xϕ (as x(c1) /= 0), is also an eigenvector of S2k+1n corresponding to the least eigenvalue.
By above discussion, there exists a unit eigenvector x of S2k+1n corresponding to the least
eigenvalue such that
x(ci) = x(c2k+3−i ) for i = 2, 3, . . . , k + 1.
Let x(ck+1) = x(ck+2) :=α. If α = 0, then by Eq. (2.2), x(ck) = x(ck−1) = · · · = x(c1) = 0,
a contradiction. If α > 0, then x(ck+3) < 0 by Eq. (2.2) as λmin(S2k+1n ) < 0. Similarly, if α < 0
then x(ck+3) > 0. So in both cases, we have
x(ck+1)x(ck+2) > x(ck+1)x(ck+3).
Now replacing the edge ck+1ck+2 of S2k+1n by ck+1ck+3, we get a new graph H ∈ U2kn , and
λmin(H)  xTA(H)x < xTA(S2k+1n )x = λmin(S2k+1n ).
By Theorem 2.8
λmin(S2kn )  λmin(H) < λmin(S2k+1n ).
The first result follows.
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Next we prove the second result. Suppose that G is a graph whose least eigenvalue attains the
minimum among all graphs inUn. Then G = Skn for some integer k by Theorem 2.8. If k is even,
then k = 4; otherwise, by Lemma 3.1, λmax(Skn) < λmax(S4n), and by the fact that Skn, S4n are both
bipartite
λmin(Skn) = −λmax(Skn) > −λmax(S4n) = λmin(S4n),
which yields a contradiction. If k is odd, then k = 3; otherwise, k = 2l + 1 for some l  2, and
by the result we have proved
λmin(S2l+1n ) > λmin(S2ln )  λmin(S4n),
which also yields a contradiction. The result follows. 
Lemma 3.3 [3]. Let G be a graph containing a vertex u, and let C(u) be the set of all cycles of
G containing u. Then
P(G, λ) = λP (G − u, λ) −
∑
v∈NG(u)
P (G − u − v, λ) − 2
∑
Z∈C(u)
P (G − V (Z), λ).
Lemma 3.4 [3]. Let G be a graph of order n, and let V ′ ⊆ V (G) consisting of k vertices. Then
λi(G)  λi(G − V ′)  λi+k(G) for 1  i  n − k.
Lemma 3.5 [12]. If 4  n  11, then λmin(S4n) < λmin(S3n); and if n  12, then λmin(S3n) <
λmin(S4n).
Proof. By Lemma 3.3, we get
P(S3n, λ) = λn−4[λ4 − nλ2 − 2λ + (n − 3)], P (S4n, λ) = λn−4[λ4 − nλ2 + 2(n − 4)].
Obviously, λmin(S4n) = −
√
n+
√
(n−4)2+16
2 . Let f (λ) = λ4 − nλ2 − 2λ + (n − 3). Then f (λ)
have the same nonzero roots as P(S3n, λ), and f (λmin(S4n)) = 5 − n +
√
2(n +√(n − 4)2 + 16).
With help of the software Mathematica, we get f (λmin(S4n)) > 0 if 4  n  11, f (λmin(S4n)) <
0 if n  12. By Lemma 3.4
λmin(S4n)  λmin(S4n − u) = λmin(Sn−1) = λmin(S3n − w)  λ2(S3n),
where u is a vertex on the cycle of S4n with distance 2 to the vertex with maximum degree if
n > 4 and u is chosen arbitrarily if n = 4, and w is a vertex of S3n with degree 2. Then the results
follow. 
Note that in [12] the authors give a similar proof of Lemma 3.5. Here we rewrite the proof for
completeness. By Lemmas 3.2 and 3.5, we have the following theorem.
Theorem 3.6. Let G ∈ Un. Then
(1) if 4  n  11, λmin(G)  λmin(S4n), with equality if and only if G = S4n;
(2) if n  12, λmin(G)  λmin(S3n), with equality if and only if G = S3n.
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Fig. 3.1. The spreads of S3n and S4n when n  11.
Theorem 3.7. Let G ∈ Un. Then
(1) if n = 4, 5, s(G)  s(S4n), with equality if and only if G = S4n;
(2) if n  6, s(G)  s(S3n), with equality if and only if G = S3n.
Proof. Suppose G is one with maximum spread among all graphs in Un. Then by Theorem 2.9,
G = Skn for some integer k. By Lemmas 3.1 and 3.2, G is S3n or S4n. If n  12, the result holds by
Lemma 1.3(2) and Theorem 3.6. If n  11, we verify the result by the software Mathematica;
see Fig. 3.1. 
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